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Quasi-Classical Model for Vibrational-Translational
and Vibrational-Vibrational Rate Constants
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194291, St. Petersburg, Russia
and

F. Mallinger'
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We present the derivation and the numerical validation of new vibrational rate constants for vibrational-
translational and vibrational-vibrational processes in a pure diatomic gas. The approach is based on the quasi-
classical representation of the 7’ matrix and the approximation of the multidimensional trajectories. For moderate
temperatures, useful analytical formulas are proposed. In the case of high temperatures, a numerical integration
has to be performed to compute numerical values of the rate-constants. The rate-constant model proposed here
is compared with the forced-harmonic-oscillator rate model in a large temperature range and also with three-
dimensional semiclassical trajectory calculations for low temperatures (200 K < 7 < 8000 K), for nitrogen. The
agreement is satisfatory.

Nomenclature P = mean relative momentum
Akg = coefficients of the intermolecular Piis P2is> Pif, P2y = momentum .
potential expansion 0 = molecularmterngl coordinates
by, by, b, = coefficients ag, associated with R = intermolecular distance N
vibrational-translational processes Ry = Morse potential-wellminimum position
Ca» Cqs € = coefficients ag, associated with Te12 = §qu1llbrlum11}teratomlc distances
vibrational-vibrational processes T2 = interatomic distances
D = Morse potential-well depth S = classical action increment
d = Morse potential parameter (softness) T, Ty, Ta = temperatures
E., Ey 1, Eins, Ein1;, = internal energies of molecules 1, 2 in Ty =T matrix .
Einoi, Einif, Einoy initial (i) and final (f) channels Ty = elastic T amplitude
E, = mean relative translational energy 14 = intermolecularpotential
E,, Ei, Ey 5 = vibrational energies Va = attract}ve part of the potent.lal Vv
Eyr, Ey; = translational energies V. = ?epulswf: part of the potential V.
f = scattering amplitude Vo = isentropic intermolecular potential
h = Planck’s constant, 6.626 x 1073* J s Vou = attractive part of the isentropic
h =h/2n potential V;,
1 = action variable Vor = repulsive part of the isentropic
Jus Js = Bessel functions potential Vo ‘ .
K.y = rate constant of inelastic collisions U o = mean relative translational velocity
Kiyinys = vibrational-translational rate constant V1, V2, U, Uy = molecular velocities
Kot = vibrational-vibrational rate constant Xe = OSCIIIaFor anharmonicity parameter
' = Boltzmann’s constant, r = scattering profile
1.3805 x 10~2 JK! ING) = gamma function
my, my = molecular masses V12,0 = orientational angles of atoms in
= number density of the gas a molecule .
N, Rp, Ny, Ry, Mg = vibrational quantum levels 3 = Lepnarc}—]ones potential parameter
P, P}, P\, = scattering probabilities Dy My AE = adiabatic parameters
P, P, = Legendre polynomials My Ho1,2 = reduced masses
rP = average scattering probability o = cross section
Pyr, PJy, P, Pt = average scattering probabilities for ok = elastic cross section
o vibrational-translational processes oLy = Lenqard—] ones potential parameter
Py, PJy = average scattering probabilities for ! = elastic collision frequency
vibrational-vibrational processes o = angle variables
Q = solid angle
Wey W12 = oscillator frequencies (spectroscopic
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HE principal difficulty arising when a high-temperature flow
is computed is the simulation of relaxation processes between
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differentenergy modes. The high-temperatureconditionsare typical
for hypersonic flows around space vehicles at altitudes of ~70 km
and higher. A strong nonequilibrium among translational (T),
rotational (R), and vibrational (V) modes takes place in the relax-
ation zone between the bow shock and the body surface. An accurate
modeling of energy exchange processes is compulsory for obtaining
credible information on space vehicle aerodynamics.

In this paper, we focus on vibrational-translational (VT) and
vibrational vibrational (VV) energy transfers during collisions of
diatomic molecules. When a pure diatomic gas that consists of
molecules A, with discrete vibrational energy is considered, it is
necessary to know the rate constants associated with the following
VT and VV processes:

Ay(n;) + Ay <> Ay(ng) + A,
Ar(ny;) + Ax(ny) < As(niy) + Ax(nay)

wheren;,ny;,ny; andn s, n, s, n,; are theinitialand the final quantum
numbers, respectively, that characterize each energy level. Differ-
ent attempts have been made lately to derive VT and VV rate con-
stants. We mention here exact full quantum calculations,! Billing’s
closed-coupled method,> Slavski- Shwarz-Herzfeld (SSH) theory,
and also modified forced-harmonic-oscilator (FHO) theory.3'4

Here we present new VT and VV rate constants for diatomic
molecules.The formulas were obtained with the quasi-classicalmul-
tidimensional scattering theory for polyatomic gases developed by
Bogdanov et al.’ and Gorbachev et al.® In this approach (Sec. II),
the calculations are based on the quasi-classical representation of
the T operator T, on the angle-actionvariables,and on approxima-
tions of multidimensional trajectories. Potentials that include both
attractive and repulsive parts are considered. Anharmonicity effects
are taken into account. The main modification we introduce here is
a mean approximationfor the solution of the equations of motion. It
may be called a mean frequency or a mean energy approximation.

Our goal is also to analyze numerically different formulas for
VT (Sec. III) and VV (Sec. V) rate constants for diatomic nitro-
gen. We show some of the difficulties in approximating the exact
integral formulas and in determining the validity of different ap-
proximations. We then give a numerical comparison of the obtained
rate constants with the rate constants derived by Adamovich et al.*
within the framework of the modified FHO theory, and also with
the Billing- Fisher three-dimensionaltrajectory calculations’ =’ (see
Sec. IV for VT rate constants and Sec. VI for VV rate constants). In
the temperature range within which explicit formulas are not valid,
we propose interpolated formulas.

II. Rate Constants for VT Transitions

In this section, we present the VT rate constants derived by
Bogdanovetal. from the quasi-classicaltheory, including the mod-
ification corresponding to the mean frequency or the mean energy
approximation.

We consider diatomic molecules represented by anharmonic os-
cillators. In first order, the frequency of oscillations for the quantum
level n; is given by

@y, = w,[1 —2x,(n; +0.5)] (1)
and the vibrational energy is written as
E,, =hw,(n + 0.5)[1 — x,(n; +0.5)] 2)

The model for intermolecular potential-energysurface V of two in-
teracting diatomics, convenient for quasi-classical calculation, was
constructed in Ref. 5 (see Sec. VI). In brief, V is, in general, a
function of the intermolecular distance R (the norm of the radius
vector R, connecting the centers of mass of colliding partners), of
orientational angles y, , between vectors r, , and vector R (r, , are
vectors connecting the atoms in molecules 1 and 2; r; , are inter-
atomic distances), of §, the angle that describes the rotation of the
plane, spanned by vectors r| , around the R axis, and of internal
coordinates Q; ,, which are the deviations of the intermolecular
distances r| , from their equilibrium values r, »:

Ho01,2We 1,2

Q1.2 = 2%

(rig—rei2) 3)

where (¢ » is the reduced mass of atoms in molecules 1 and 2. The
dependence of V on all of these variables is usually written as an
expansion in Legendre polynomials P, (cos y) and in powers of Q.
The coefficients of this expansion are in general functions of R, but
usually they are set to be constant. In this case we fail to describe the
potential surface within the whole range of intermolecular distance.
We suggest that one of the most simple ways to go beyond the
constant-coefficient model consists of splitting the intermolecular
potential into a repulsive potential V, and an attractive potential V,
and usingtwo independentsets of expansioncoefficients,one for the
repulsivepotentialand anotherfor the attractivepotential. Thus if the
isotropicpotential Vj (R) is splitinto the parts V,, and V,, mentioned
earlier, the discussed expansion of the potential is written as

VR ry v 2. 72, 8) = 3 Vog(R)

g=ra
X Z ag, P, (cos y)) P, (cos y,) exp(is8) Q' 08 )
K

where K =(l\, 5, s, ki, k,) is a multiindex and a, is a constant
equal to 1. For the isotropic part Vj,, we use the model

Vo = Vor + Vo (5)
where
Vor = D expl—2(R — Ry)/d]
Vou = —2D exp[—(R — Ry)/d]

that is, the Morse potential. For nitrogen, D =1.56 x 1072! J, d =
1.09 x 107" m, and Ry=4.67 x 10~'° m.

In practice, only the first terms in Eq. (4) are retained, giving
nonvanishing probabilities for the processes under consideration.
Terms contaning only P, ,(cosy;,) are responsible for the so-
called RT transitions in molecules 1 and 2; terms containing only
Py (cosy1) P, (cosy,) are responsible for RRT transitions. Analo-
gously, terms containing Q , are responsible for VT transitions in
molecules 1 and 2, terms containing Q; Q, are responsiblefor VVT
transitions, and terms containing P, ,(cosy; ) 0, are responsi-
ble for VRT transitions. Usually rotational- vibrational coupling is
negligibly small for diatomics, but this is not the case for hydrogen-
containingmoleculesor for highly vibrationallyexcited ones. These
situations were studied in Refs. 10-12.

In this paper, because we consideronly VT and VVT transitions,
we use the followingnotationfor the coefficients of potential-surface

Equilibrium rate constants of inelastic transitions may be written
in the form [see Eq. (7.31) in Ref. 5]

9
K., = _mm)? 4 d, dv! dv}8,8;|Ty
n)?QrkT)?
2 2
myvy + m,v,
_muy t mavy 6
X exp< T ) (6)

Here 8, =8(p1i + pai — P1y — p2y) is the § function of momen-
tum p; + p, conservationand 8y = 8§(Ey; + Eiy1; + Einoi — E p —
Ein 15+ Eiyoy) isthe § functionof total energy conservation,i.e., the
translational energy E;; and the internal energy Ey, = Ey, | + Ejy 0,
where the subscriptsi and f denote initial (precollisional) and final
(postcollisional) states. The T matrix!? is related to the scattering
amplitude f by

f==w/2m)Ty

By using the expression from Ref. 14 for the differential cross
section,

do )

— = 7

g =~ V1 (M
and factorizing the T matrix as

Ty = ToT



GORBACHEV AND MALLINGER 413

we can rewrite the cross section in Eq. (7) as

2
do do
Zo (L) inprp=Ep @®)
dQ2 27 dQ

Here P is defined as P = |I"|?. The elastic cross section doz/d2
varies slowly with the scattering-angle variation, which allows us
to write Eq. (8) as

d
9 _%tp )
dQ 4

Finally, after integration over the solid angle, we obtain

O
o =—
2

O

Psin9d9:715 (10)

0

Fulfilling integrations in Eq. (6) by using the § functions and tak-
ing into account the last expression for P, we obtain the following
equation for inelastic rate constants (see also Sec. 7 in Ref. 5):
T_l 0 1 = &
Ki—)f:_ (51‘5/”)7136_ ldgl‘ (11)
ExH(E)

where

5*:AE/ICT, AE:Einf_Eini» 51‘ :E[”‘/kT
and H is the unit step function. For purely vibrational transitions,
inelastic-scattering probabilities should be averaged over the rota-
tional degrees of freedom. This procedure is described in detail in
Ref. 5 and is not reproduced here. As a result, the expression for
VT rate constants has the form given by Eq. (11), with P replaced
with Pyr. ~

To specify the average inelastic-scattering probability Pyr, we
introduce first the adiabatic parameter A,,, defined as

A = @y d /vy, (12)

where d is a characteristic distance related to a potential. In this
formula v, is the relative translational velocity defined by

Un =/ 2Em/M
where E,, is the mean relative translational energy given by

E E.;
Em: Irf+ tri
2

and w,, is the mean frequency given by

Wy, +a),,f
2

wm =
The collisions are classified into three groups, depending on the
adiabatic parameter: fast Collisions (A,, < ; < 1), slow collisions
(1 <A, < A,), and intermediate collisions (all other cases).

Figure 1 shows the dependence of the velocity on the quantum
level n correspondingto the reaction N, (n) + N, — No(n —1) + N,
and for different values of the level transition /. To compute the ve-
locity, we used Eq. (12) with the values A; =1 for fast collisions
and A, = 3.5 for slow collisions. These values of the adiabatic pa-
rameters were also used by Gimelshein et al.'> and Mallinger and
Gimelshein'® to compute cross sections. We clearly observe the do-
main of velocities corresponding to each group of collisions. We
point out that the value of A, is not strictly defined as we will see
when we define the scattering probabilities. We note that the influ-
ence of fast collisions increases for high quantum numbers.

Up (1)) No(n) + Ny = Na(n — 1) + N,

300004

I=1 FAST COLLISIONS

250004

20000

150007 INTERMEDIATE COLLISIONS

I=1

10000 1=8 / =16
5000 \
SLOW COLLISIONS
0 n 1 1 I '
0 10 20 30 40 50

Vibrational Quantum Number, n

Fig. 1 Velocity v,, computed by the formula v,, = w,d/A,, with A, =
A; =1 for fast collisions and X, =X, =3.5 for slow collisions and for
different values of the level transition /.

The definition of the averagescatteringprobability depends on the
type of collision. For slow collisions, the probability of the transition
from energy level n; to energy level n is

_ 1 1
Pyl = E/P@‘T(Q)dszz E/P\“,‘T(G)sinede (13)

under the following definition of the scattering probability: Py, =
Jn (Fy'p), where Jja, is a Bessel functionand |An| = |n — n;|.

The quantity F is part of the classical action increment cal-
culated along the classical trajectory by use of the part of the
the model given by Eq. (5) for the description of the intermolecular
distance dependence. Vibrational motion is described in terms of
angle-action variables ¢, I = h(n+ %). By using the relationship
0 =./(E,/hw,) cos ¢, we can rewrite the potential in the form

V(R, ¢) = Vo(R) + Vicos¢ (14)

and the corresponding action increment will have the following
structure:

S/h = Sy/h + Fyrcos¢ (15)

Here Fyr is an integral of the second term on the right-hand side
of Eq. (14) along the classical trajectory. In Ref. 5, the asymptotic
procedurefor solving the set of motion equations was suggestedand
the action increment calculated (see Sec. 7 in Ref. 5). In Ref. 10, it
was shown that, in the case of slow collisions, the main contribution
into Fyr is from the a-head trajectories, while in the case of fast
collisionsthe main contributioninto Fyr is from the straightforward
trajectories.

As aresult, we obtain the following expressionfor argument Fy.:

1

Lad
Fih = e [bronnd — @b, = b)uD)?t]

d {E
X exp —wfn—uarctan —Z sin g (16)
P sin(6/2) D 2

Here b, and b, are the potential anisotropy parameters, p,, is the
momentum of the relative motion p,, = uv,, = v/(2E, 1), and g, is
defined by ¢,, = (E,, + E,, )/2hw,.

For fast collisions, the probability Pva takes the following form
(the same intermolecular potential is used):

=2 71 2 expi )]
= X — exp|l—(x — X,
VT o/, E, p 00

x {exp[—(x — xoo)](1 —x) —2 + x}) I3 [Fir)] dx
(17
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where x, and x are given by

xo =x00 — a1 + /1 + E,. /D),

and the argument of the Bessel function is given by

FJp(x) = (Dd [v,,h)/TTXE, exp[—(x — Xo)]

X0 = Ro/d (18)

x {b, exp[—(x — xp0)] — 2«/51),1} (19)

Furthermore, the elastic cross section,
2
S EoLg >
2
o =mo,§ 2| —— +1
LI ( 4hv,,

+é[1 + g@(\/a“_g)} (20)

E, +4re

has been computed for the Lennard-Jones potential,
V(R) = 4¢[(o1s/R)"? — (011/R)°] (1)

The Lennard-Jones potentialis correlated with the Morse potential.
Thus the parameters of the Lennard-Jones potential are ¢ = D and
oL = Ry/2'°.

Forintermediatecollisions,probabilitiesare obtainedby the inter-
polation of probabilitiesfor slow and fast collisionsin the following
way:

_ dow — A _
pin = exp(—2 bad P r[vi o)1)

}\.2 - }\.1
}\1 - )\m 35S
F— bad P[0 ()»2)]}) (22)

To ensure the monotonicity of the global probability, we may mod-
ify, if necessary, the value of A,.

Finally, the elastic collision frequency 7 in Eq. (11) is computed
with the Lennard-Jones potential'”:

0.3 0.4
1 2kT SEUL]
;:4Naf] nf’-"’r(l,s)(T) ( yr )

1 [27kT 1 3kT
+§ p {1+€|:1—€n<71+§7>i|} (23)

Before ending this section, we point out that there are at least two
possibilitiesof obtaininginformationabout coefficients b, , and ¢, ,.
The first one consists of the approximation of the potential surface,
obtained elsewhere, by the suggested model of Eq. (4) and of the
estimation of the coefficients mentioned earlier, which demand a
better approximation. The other one consists of the approximation
of some scattering characteristics (cross sections, rate constants,
etc.) with correspondingvalues calculated on the basis of our model
potential and of the estimation of coefficients that compare this
data. In the first case we will meet problems since the potential is
a surface in multidimensional space. Although it is known that we
should approximate, in the most accurate way, the potential only in
the vicinity of the turning point of classical trajectory, it still remains
a difficult problem. Therefore we used the second possibility. We
determined parameters b, , and ¢, , in such a way that the rate con-
stants for the main transition(n; =1, n 7 =0 for the VT transition
andn;; =1,n5,=0,n,; =0, ny; =1, for the VV transition), com-
puted with Eq. (11), are in good agreement with the results obtained
for trajectory calculations proposed by Billing and Fisher et al.”:
and Capitelli et al.” They propose numerical data in the temperature
range 200-8000 K that allow us to compute the correspondingrate
constants for slow collisions. Here we use a numerical integration
to compute the formula of Eq. (11). Figure 2 shows the comparison

Kyy (em®/s) No(n) + Ny = No(n—1) + N
1e-08 4
le-104

le-12 4

Je-14 4

le-16

1: n=1
2: n=9
3:n=20
4: p=30

le-18

le-201’

le-221%

1e-24 57600 2000 3000 4000 5000 6000 7000 8000

T, K

Fig. 2 Comparison of rate constants computed by Billing and Fisher’
(0) and Eq. (11) (-- - -) with the inelastic-scattering probabilities given
by Eq. (13) for different vibrational transitions. In this and subsequent
figures, the format 1e (-) indicates X10(-), e.g., le— 08 is x10~ 3.

betweenrate constants,denotedas Kyt and computedby Billingand
Fisher® and Capitelli et al.’ and those computed with Eq. (11) with
the inelastic-scatteringprobability given by Eq. (13). The difference
is important for low temperatures. As mentioned by Gorbachev
and Strelchenya? this difference may be due to the fact that rate
constants computed with trajectory calculations are sensitive to
the potential-surface method of approximation and the accuracy of
calculations decreases with decreasing temperature. The isotropic
parameters are chosen to be b, =0.3 and b, =0.3. These param-
eters are fixed for all numerical computations regarding the VT
processes.

ITII. Analytical Approximations
of VT Rate Constants for Slow Collisions

As can be seen from Egs. (11), (13), (16), and (17), the probabil-
ities and rate constants for VT transitions are given by complicated
integrals. It would be expensive, from a computational time point
of view, to use these formulas in direct simulation Monte Carlo or
hydrodynamic solvers. The main difficulty in deriving analytical
formulas is the Bessel function that appears in the definition of both
slow and fast collisions. In the case of fast collisions, this problem
is not yet solved and we cannot improve the proposed integral for-
mula. In the case of slow collisions.’ when A,, >> 1, the argument
of the Bessel function is such that ;. < 1. As a consequence the
Bessel function may be approximated by the first term of its expan-
sion. Thanks to the previous approximation and using the Laplace
method of integration, we write the probabilitiesfor VT transitions
as

—1
_ [E, /DE,
P\q/lT = Ayr |:)»,,,|A,,| (arctan D” — m)}
Enl
X exp(—ZAm |A,|arctan, / 3) 24)

where
2| An|
Gyr wd I
Ay = ———————— 1 —|b,w, ud — (2b, — b,)2uD)2
v Fz(lAn|+1){4h[ ompd = ( )Cu )2]}
(25)
|An|

with GVT =&pn

We propose here a second analytical formula, which we derived
by using the Laplace method of integration and appropriate approx-
imations, given by

1
= E, v DE,,
Py =J2, (FC,‘T) |:A,,,|A,, | (arctan - >i| (26)

D D+E,
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7y Ny9) + Ny = Np(9— 1) + Iy
le+03;
1e+00
le-03 4
1e-06 4
le-09
le-12
le-154
Te-18
le-214
le-24 4
le-27

2000 4000 6000 8000 10000

Un /S

Fig. 3 Comparisons of inelastic-scattering probabilities for slow colli-
sions between Eq. (19) (0), computed with a numerical integration, and
the approximate formula of Eq. (24) (- ---) and Eq. (26) (—).

Pyr No(1) + Ny = No(0) + Ny

1e+00

: :
1 [l 1
10°99000000000000b4,

le02] “°eee

1e-04 4
le-06 Vmax=7624
le-08
le-10 !
Vmin=26600 |
le-12 '

le-14

0 4000 8000 12000 16000 20000 24000 28000 32000

UV ™m/[S

Fig. 4 Comparison of inelastic-scattering probabilities obtained for
slow collisions (0) and fast collisions (¢). The solid curve is the interpo-
lated probability obtained according to Eq. (22).

This last formula is more general because we have not made use
of any approximation of the Bessel function. The derivation of
Eqs. (24) and (26) is detailed in Appendix A.

It is possible to derive a simple approximation for low energies
such as E,, < D. In this case, individual scattering probabilitiesdo
not depend on the scattering angle 6 in Eq. (16) and integration of
Eq. (13) becomes trivial. However, in this paper we do not consider
such regimes.

Figure 3 shows comparisonsof slow-collisioninelastic-scattering
probabilities among Eq. (13), computed with a numerical integra-
tion, and approximations of Egs. (24) and (26). The initial vibra-
tional level is assumed to be 9 and the final vibrationallevels 1, 3, 5,
and 7. The approximationof Eq. (26) is betterthan that of Eq. (24) as
the transitionlevel increases. As an example, Fig. 4 shows a compar-
ison of inelastic-scatteringprobabilities,computed with a numerical
integration, for fast, slow, and intermediatecollisions. In the zone of
intermediate collisions (the middle zone indicated by dashed lines),
the probabilityis obtainedby interpolationof fast and slow collisions
accordingto Eq. (22). The value V max is the maximum velocity for
slow collisions and V min the minimum velocity for fast collisions.
The velocities V max and V min are defined by Eq. (12), substitut-
ing A,, with A, and X, respectively. As the quantum level increases,
the influence of fast collisions becomes stronger.

When Pg'; is known, it remains to compute the integralin Eq. (11)
to determine the VT rate constant for slow collisions. We consider
only deexcitation processes correspondingto AE < 0. Substituting
Eq. (24) into Eq. (11) and using the steepest-descent method of
integration (see Appendix B), we write

-1 & [ 2mkT
Kioy= Ky = ——4Ay 22 | T
N a,, g”(PO)

[1 - B2
" farctan(1/v/Doy) — (VD /(L + Do)}

X ex —p2 T arctan ! — AL, 27N
P 0 PoV kT v D** 2

where the function g is given by

g(p) = p*+ (a,/pVkT)arctan(p //D.) — L log(p* + AE. /2)
(28)
and AE,,=AE,/kTp}, D,,=D,/kTp}, and a, =dw,|A,| x
/(2u). Furthermore, g’ and g” denote the first and the second
derivatives, respectively, of g, and p, is the root of g’ =0.

For some asymptotic regimes, it is possible to derive an explicit
expression for p,. Consider the Landau-Teller regime, E,, > D,
|AE|, which is equivalentto p > /D, |AE,|; the equation g’ =0
may be reduced to

Ay

bY L [—— (29)
2 kT pir

Its solution is

pir = [G0/4)(an [ VFT) ]} (30)

It shows that our formula is an extension of the Landau- Teller for-
mula, taking into account an attractive part of molecular interaction
and threshold effects.!? Considering now a first-order solution, we
write

po = prr(l +x) (31)

Substituting this expression into g’ =0 and considering the first-
order approximation, we obtain

Ta,,

Ta, 4D, 1[4aVkT 3

From Eq. (30), it is clear that Ejr =kTpr decreases up to zero
while temperature decreases. On the other hand, as follows from
the behavior of the function g’, py > +/(—AE,/2), and we should
look for p; in the form

Po =+ (=AE./2)(1+Y) (33)

with y > 0, as g’ has a singularity at /(—AE,/2). The first-order
approximation gives (again p >> /D)

Po =+ (=AE,/2)(1 =2/AE,) (34)

This formula is valid for lower temperatures than Eq. (32) is. The
critical temperature T, which separates the two regimes, may be
obtained by equating the expressions for p, given by Egs. (31) and
(33). After some reductions, T, is written as

(2 [

kT, =
wa,,

4a,,~'D V=2AE
X (1 + 7A_E> /(1 — STm>i| (35)

Ta,,
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Thus, for T > T,, Eq. (32) is valid, and for T < T,, Eq. (34) is
valid. In numerical computations, we use only Eq. (32) because T
is always very small.

By using the preceding results, we may derive a characteristic
temperature 7 under which the rate constants for slow collisions
are valid. To determine T;;, we write

Ay

= —_— (36)
2 VRT|Anlp

Substituting p with the Landau- Teller approximation of Eq. (30),
we obtain

8u(dw,)?
kT, = “(_“’)3 (37)
w|An|);

By using the same method of integration, we can write the VT
rate constants correspondingto the approximationgiven by Eq. (26)
for inelastic-scatteringprobabilities as

77! pe | 2mkT
K, ., =—4J% [F =

g N ‘A,,‘[ VT(pO)]am <" (7o)

L (2ELY N VD=,

X - arctan| — | — ————

2 VD, 1+ D,,

AE,
X exp(—pg - ) (38)

InEq. (38), po and g”(po) are the same as for the rate constants that
correspond to the approximation given by Eq. (27).

We give some numerical results below. Figure 5 shows com-
parisons of rate constants for slow collisions, computed with a
numerical integration (trapezoidal method) and approximations of
Eqgs. (27) and (38). In all cases, the approximation of Eq. (38) is in
better agreement with results obtained by a numerical integration.
Furthermore, we note that the agreement is better for low quan-
tum numbers. We recommend therefore the use of the approximate
formula of Eq. (38) for computing VT rate constants for slow colli-
sions for temperatures at which the approximate formula of Eq. (27)
breaks down.

Figure 6 presents VT rate constants as functions of quantum lev-
els for differenttemperatures. The dashed curves show the rate con-
stants that correspond to the approximate formula of Eq. (27), with
po computed with the approximate formula of Eq. (32) and the
solid curves with p, computed with the Newton method to obtain
the solution of the equation g’=0. The approximate formula of
Eq. (32) gives good results for all temperatures. The agreement
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Fig. 5 Comparison of VT rate constants for slow collisions, obtained

with the integral formula of Eq. (11) (O) and the approximate formulas
of Eq. (27) (----) and Eq. (38) (—).
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Fig. 6 Comparison of rate constants for slow collisions. The depen-
dence is on a quantum level and concerns only one-level transitions.

with the numerical results of Billing and Fisher (circles), obtained
with trajectory calculationsas mentioned above, is not good for low
temperatures and high temperatures with high quantum numbers in
the case of N, 4+ N, collisions. For intermediate temperatures the
agreement is quite satisfactory. Finally, for temperatures of 1000
and 6000 K, we present the rate constants computed for slow col-
lisions by a numerical integration. For a temperature, of 1000 K,
the numerical values obtained with Eqs. (27) and (38) are in a good
agreement with the values obtained with the integral formula and
do not depend on the quantum level. This is of course true for lower
temperatures. Unfortunately, this conclusionis not valid for a tem-
peratureof 6000 K and consequentlyfor highertemperatures.In this
case, the difference increases when the quantum level increases.

Figure 7 shows a comparison among rate constants computed
for slow collisions only and those computed for fast, intermediate,
and slow collisions. Only one-level transitions were considered.
The comparisonis good for low temperatures, which was predicted.
For high temperatures, the importance of fast collisions is evident.
For only slow collisions, the rate constants overpredict vibrational
transitions.

IV. Comparison with the VT Model
of Adamovich et al.

The rate-constantmodel developed by Adamovich et al.* '8! for
VT and VVT processesis based on the semiclassicalnonperturbative
analytical theory for a harmonic oscillator acted on by an external
exponential force,>?° called the forced harmonic oscillator (FHO).
This last model takes into account multiquantum processes and also
single-quantumprocesses at high collision velocities and high tem-
peratures, but it neglects the role of vibrational-rotational coupling.
Several modifications were introduced by Adamovich et al. to take
into account some realistic effects. In particular, a steric factor was
introduced to take into account the noncollinear nature of molec-
ular collisions. It has a phenomenological meaning and is deter-
mined by comparison with the probability of the essential transition
obtained by three-dimensional trajectory calculations’~® Further-
more, to take anharmonicity effects into account, a mean frequency
approximation is used. The intermolecular potentiel is the Morse
potential. The scattering probabilities for VT transitions involve
Bessel functions, and the following approximationis used:

2\'1 Z
J,(2) = <5> = exp|:——4(s m 1)i| (39)

We obtain the VT rate constants by averaging the scattering prob-
abilities over Maxwellian translational energy distribution and by
using the steepest-descentmethod to evaluate the resulting integral.

In Fig. 8, we compare the VT rate constants for four different
single transitions. In the model of Adamovich et al., the steric factor



GORBACHEV AND MALLINGER 417

Kyr  (em?/s)

Nz(n) +N2 had Nz(n - 1) + Ng

1e-08 4
le-104
le-124
le-14 4
le-16
le-18
le-20

le-22

le-24 0 4000 8000 12000 16000 20000

T, K

Kyr (em?/s) No(n) + Ny — Nyp(n — 1) + Ny
16—0811

le-10 )
le-124
le-144
le-16+

le-184

le-20

0 4000 8000 12000 16000 20000
T, K

)
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Fig. 8 Comparison of VT rate constants for different one-level transi-
tions, computed with the models of Adamovich et al. (- - - -), Gorbachev
(——), and Billing and Fisher (0).

Syr is equal to % The presented VT rate constants have been com-
puted with the integral formula of Eq. (11) with different definitions
of the scattering probabilities for slow, intermediate, and fast colli-
sions. Note that the rate constants of Adamovich et al. are in a good
agreement with the Billing- Fisher numerical results for low temper-
atures. We have explainedabove a possiblereason for this difference
regarding our model. For high temperatures, both numerical results
are in good agreement. This good agreement disappears when the
multilevel transition N, (n) + N, — No(n — j) + N,, with j > 1, is
considered. Figures 9 and 10 show VT rate constants computed for
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Fig. 9 Comparison of VT rate constants for different three-level tran-

sitions, computed with the models of Adamovich et al. (----) and
Gorbachev (. ).

Jj =3 and 5, respectively. For high temperatures the agreement is
bad and the difference increases as j increases. This may be due,
in our opinion, to the fact that Gorbachev used three-dimensional
collision models and also because of the approximationof Eq. (39),
which is not valid for multilevel transitions (large s).

This observation is confirmed by the next numerical results.
Figure 11 shows the dependence of the VT rate constants on the
quantum level n for the different reactions N,(n) + N, — N,y(n —
Jj)+ Ny, j = 1,3,5, and for different temperatures. The differ-
ence between the rate constants of Adamovich et al. and Gorbachev
increases again when j increases.

V. Rate Constants for VV Transitions

In this section we consider VV energy exchange processes. From
a theoretical point of view, the same approach as that for VT pro-
cessesis used. Consequently we give only the main formulas of VV
scattering probabilities and VV rate constants.

A VVinelasticcollisionof two diatomic moleculesleads to vibra-
tion energy exchange between both molecules. The frequenciesand
the energies are given by Egs. (1) and (2), respectively. Considering
again the mean frequency approximation, we write

+ +
o +w; .
a),: = T, w;j'=|w1k + Wl k=i, f
ot o s
w,, —T, Wy = oy — wxl, =i f

where i and f are initial and final channels, respectively.
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Fig. 10 Comparison of VT rate constants for different five-level tran-
sitions, computed with the models of Adamovich et al. (----) and
Gorbachev (. ).

As for VT collisions, we define the adiabatic parameters as

+
A + — Wy, d
m
U

The parameter A} is less than 1 only for very high velocities.In our
case, we are not interested in such high velocities and we restrict
ourselves to the case A" > 1. That means that the collisions are adi-
abatic: The collisiontime is greater than one period of the oscillator.
Then the adiabatic propensity rules determine the process of energy
exchanges.12 In this case the transitions verify that An; = —An,,
where An, =ngy —ny, withk=1, 2.

Depending on the adiabatic parameter A, the collisions are clas-
sified into three groups: slow collisions ()L,; > A, > 1), fast colli-
sions (A, <A, < 1), and intermediate collisions (the other cases).

For slow collisions, the average scattering probabilities are writ-
ten as

_ 1 [
Py, = 5 / P\, (0)sin6 do (40)
0

where the scattering probabilities are written as P\, = J2 (F3\)
and

[¢;0p1d — (2c, — c)2uD)?]

w,, ud {E, . (0
X exp| —————— arctan,/ — sin| —
D Sin(6/2) D 2

In this formula, we have used the following definitions:
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e
Any — An
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For fast collisions, we write the scattering probabilities as

pl, = & / ) (1 2 expl—(x —xu0)]
v = X — EXpl— (X — Xopo
O X0 Em

x {exp[—(x — xp0)](1 —x) —2 + x}) J2[Fly)]dx @1)
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Fig. 12 Comparison of VV rate constants for different one-level transitions and low quantum numbers, computed with the models of Adamovich

et al. (----), Gorbacheyv ( ), and Billing and Fisher (0).

where
Xo = Xoo — &@(1 +\/1+Em/DL Xo0 = Ro/d
Ry = UL12%
7 Dd
Fvv(-x) = h NTTXE mEnym exp[_(-x - xOO)]

X {c, exp[—(x —xg0)] — 2\/56‘,1}

where o is given by Eq. (20). For intermediate collisions, the scat-
tering probabilities are determined by the interpolation formula of
Eq. (22).

For slow collisions,the average VV scatteringprobabilitiescan be
approximated exactly like averaged VT scattering probabilities. In
the case of slow collisions,if we assume that F\‘,'V <« 1, we can again
substitute Bessel functions with the first term of their expansions.
The result of the integration in Eq. (40), by the Laplace method, is
precisely the formula of Eq. (24), where Ayt is substituted for Ayy,
Am for A, and |A,| for k_. The quantity Ayy is defined by

m?

GVV

Ayy = —t
W T + 1)

d | 2K
{Z—h[crw;ud - (2c, — c,)(ZMD)E]}

where Gyy = (€,,m&n,m /4)* . By using this approximation for the
scatteringprobabilities, we obtain the VV rate constantsby comput-
ing the integral of Eq. (11) by using the steepest-descent method.
Thus the corresponding VV rate constants are written as (AE < 0)

-1 4 kT
T 4A Py j_ KL

K — I
e N vvam 28”(1’0)

[1 - (aE.22)°
" farctan(1/v/Doy) — (VDo /(L + Do)

5 a,

1 AE
X exp| —p; — Z_ arctan| — |} — - 42)
p|: Po povkT (VD**> 2 i|

where a,, =dw, k_/(2u),

2a, 1
"(po) =2+ — | arctan| ——
£ PSVkT[ («/D*)

201+ D**/z)N/D**} N 1 1-AE./2
(I+D..)? P [1+ (AE../272]

D, and E,, are defined by D,, = D, /p? and E,, = E,/ p3, and py
is the root of

) =2 a, 1 ‘ p
= — ——arctan| —
8P P VKT p? VD,

+ w1 D, p
JEKT pp*+D, p*+AE.)2
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Fig. 13 Comparison of VV rate constants for three different one-level transitions and 1 two-level transition (bottom right), computed with the models

of Adamovich et al. (- - - -), Gorbachev (——), and Billing and Fisher (0).

Here again, we may derive a second approximation that is anal-
ogous to Eq. (38) for VT rate constants. It is written as

o T—l P4 2nkT
Kiiin] = 42 ol 2y [ 2o

[1- @aE.2°]
" farctan(1/v/D) — [VDo/( + D]}

AE,
X exp(—pé - —) (43)

2

with the previous definitions for py and g”(po).

VI. Comparison with the VV Model
of Adamovich et al.

The VV rate constants derived by Adamovich et al. are based on
the FHO theory (see Sec. V). The steric factor Syy plays the same
role as Syt for VT transitions. This parameteris determined in such
a way that the FHO probabilities P(1, 0 — 0, 1) match the results
of Billing and Fisher.

The first numerical results we propose concern comparisons of
V'V rate constants derived by Adamovich et al., Gorbachev et al.,
and Billing and Fisher for low temperatures. The VV rate constants

of Gorbachev et al. are computed according to Eq. (11) by use of a
numerical integration. Furthermore, we have performed the integra-
tion over the velocity domain associated with intermediate and fast
collisions only, and we have used the corresponding definitions for
the scattering probabilities.It appears that slow collisionscan be ne-
glected. The following values were used for the boundary adiabatic
parameters: A; = 1, A, = 3.5, the same as for VT rate-constantcom-
putations. The values of the anisotropic parameters are ¢, = 0.0022
and ¢, =0.0017. Figure 12 shows different one-level VV rate con-
stants for low quantumnumbers. Results obtained with Gorbachev’s
model are in a good agreement with those of Billing and Fisher.
When the results obtained with the model of Adamovich et al. are
compared with those obtained with the Gorbachev model, we note
a small overprediction.Figure 13 shows rate constants for one-level
VV transitions but for higher quantum numbers. In that case, the
results of our model are on the whole in better agreement with the
Billing- Fisher results than those of the model of Adamovich et al.
The graph on the bottom right of Fig. 13 presentsrate constants for
a two-level VV transition. In this case the rate constants of both
Gorbachev and Adamovich et al. are lower than the Billing- Fisher
rate constants. Figures 14 and 15 represent the VV rate constants
computed previouslybut for higher temperatures. Unfortunately, we
do not have numerical results for the Billing- Fisher model for this
case. We note a good agreement for low temperatures but a signifi-
cantoverpredictionof therate constantsof Adamovichet al. for high
temperatures. It is difficult to draw any conclusion. We can men-
tion that Gorbachev’s model takes into account three-dimensional
trajectories, which is not the case of the model of Adamovichet al.,
as already noted.
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Beforeendingthis paper, we pointout that Adamovichetal.! pre-
sented an improved model (taking into account three-dimensional
trajectories) at the AITAA/ASME 7th Joint Thermophysicsand Heat
Transfer Conference that was not considered in this paper and will
lead to further investigations.

VII. Conclusion

In this paper we have presentednew formulas for VT and VV rate
constants, based on the quasi-classical multidimensional scattering
theory for polyatomic gases. Numerical results computed with these
formulas were compared with the models of Adamovich et al. and
Billing and Fisher for nitrogen. Some differences exist between
these models. Although it is possible to analyze these difference
from a theoretical point of view, we regret the lack of experimental
data.

Considering computations of master equations for vibrationalre-
laxation, we have proposeda new analytical formulathatis valid for
low-temperatureflows. For high-temperatureflows itis necessaryto
use exact integral formulas by means of an interpolation procedure.

In asubsequentpaper, thesenew VT and V'V rate constantswill be
introducedinto a hydrodynamicsolver to compute master equations
for vibrationalrelaxationcoupled with equations of conservationof
momentum and total energy.

Appendix A: Derivation of Eqs. (24) and (26)

We give details here on the derivation of Egs. (24) and (26) for
VT probabilitiesin the case of slow collisions.

The Bessel function is approximated by the first term of its ex-
pansion, that s,

[F\q/]’r(n)/z]Z\An\

LA+ 1) (AD

Tan[Frm] ~

When approximation (A1) is substituted into Eq. (13), the probabil-
ity for VT transitions is written as

2/An|

_ 1" (Fs/2

P == Msin@d@
2 ), T2 qan+ 1

which we can rewrite, by using Eq. (25), as

psl AVT " 2|Al’l|}\m
Py = - expy ————
o sin(6/2)

E’” . 9 .
X |:arctan‘ [ — 31n<—>i| } sinf df (A2)
D 2

By using changes of variables, x = sin(6/2) and y =1/x, we re-
write Eq. (A2) as

) % [E, 1
Py = 2AVT/ y3 exp|:—2|An|A”,yarctan< F—>i| dy
y
1

(A3)
or
P =2Avr /w y e’ dy
1
where

¥ (y) = —2|An|x,,y arctan[/(E,, /D) (1/)]

Because the main contribution of the integral of Eq. (46) is in the
neighborhoodof point 1, we expand the function ¢ at the first order
around this point. The first derivative of ¥ is given by

E, 1 VvE,D
¥ = =2|An|i, |:arctan< —) - —yi|

Dy D+ E,

Then the Laplace method leads to the expression of Eq. (24).
Regardingthe secondapproximationfor the scatteringprobability
of slow collisions, we start rewriting Eq. (13) as

_ 1 ” ]
Py =3 / 2 [Fi®)]sin@) do
0

- %/ eXp(log{J‘zAn‘[FslT(g)]}) sin(@) do (A4)
0

Using the preceding changes of variables, we can rewrite Eq. (A4)
as

IS\G/IT — 2/ y_3 eXp(2 log{J\An\ [F\q/]T(y)] }) dy
0

- 2/ y—3e¢/(y) dy
0

where now the functiony is ¢ =21og{Jja,, [F\S,'T(y)]}. With obvious

notation, F\S,'T( y) can be written as

Fy1(y) = Apexp{—A,yarctan[/(E,, /D)(1/y)]}

Thus the first derivative of i is written as
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T[]
V() = 2- s FR )
T

Knowing that

/s Em 1 my s
FOL() = —Anm |:arctan< ) ;) — m} F(y)
/ |An|
Jian (@) = . Jian (@) = Jjan+1(2)

we deduce the final expression for the first derivative of ¥:

4 / Em 1 A/ E,,,Dy S
Iﬂ (y) = —2)\,,, |:arctan< F;) — m}FV]T(y)

|anl Jann [Fr)]
Fyr() Jan[Fr O]
Because for Fi < 1 we have
|An] s [Feh (D]
Fyor(D) ™ T [Fh (D]

the value of ¥'(1) is

¥'(1) = =24, Anl{arctan(y/E,, /D) = [\/E.D /(D + E,)) |}

Finally, the Laplace method of integration leads to the approximate
formula of Eq. (26).

Appendix B: VT Rate Constants—Derivation
of Egs. (27) and (38)
We propose here the details of the procedureused to compute the
VT rate constants given by Egs. (27) and (38).
Substituting PC,‘T with the expression of Eq. (24) into Eq. (11),
we write the rate constants as

™' Ayr = !
Kn,‘.nf = (E‘IriE‘[rf)2
0

N (kT)?
Em \% DE”I
X | An|A, || arctan. - —_—
D D+E,

Em Elri
x exp| —2A,,|A, | arctan, ") exp T dE,; (B1)

We proceed now with an appropriate change of variables. Because
of the energy conservation,we have E, ; = E,; — AE.Letus define

the variable p as
Em Elri AE*
= =, —— B2
PN VI~ 2 (B2)

where AE, =AE/kT. It follows that

AE, AE,
Em'=/<T<P2+T>, Euf:kT<P2— 7 )

When the change of variablesof Eq. (B2) is used, Eq. (B1) becomes

! kT AE,
K,,l._,,f = —A4Ayr exp| — >

N a,,

where we have used the notation
AmlAn| =a, /pVkT, D,=D/kT

We rewrite Eq. (B3) as

- kT AE,
Ky ) = ——2Ay; exp(——)

N a,, 2

X / f(p)exp[—g(p)ldp (B4)
—AEx/2

where
£ | o AE[ p D, ]
= — arctan -
p p > D, 72+ D, p

a, . p 1 ) 2, AE,
arctan — =log| p* + —
IRT JD.) 2% 2
After some algebra, we obtain the first and the second derivatives
of g, written, respectively, as

) =2 a, 1 ) p
= — =——==— arctan
8= T v /D,

aw 1 ~D, p
JVkT p p>+ D, p*+ AE,)2

g'(p)=2+ i arctan £
pVKT VD,
2p(p* + D*/z)m} .
(r?+D.)

Let us denote the solution of the equation g’ = 0, that is, the most
effective momentum, as po. Expanding g in the neighborhood of
Po, We obtain

g(p)=p"+

p2 — AE*/Z
(P> + AE,/2)

8" (po)
2

g(p) = g(po) + (P—po)+-- (B5)

Substituting Eq. (B5) into Eq. (B4), we obtain

7! kT AE,
Kn,‘.nf = —2Ayr exp|:—g(p0) - —i| S (po)

N a, 2
x / exp[—g (2” 0)(P—P0)2i| dp (B6)

After integration, the resulting formula is Eq. (27)
Equation (38) is obtained with the same method.
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